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Using conversions between number systems we give a simple construction of a universal Turing machine.





1. 





The main part of this construction is given in Aanderaa 1993.  The aim here is to give a step-by-step construction and to show the applicability of the general construction to other cases.





Turings original paper and some other classical papers are collected in Davis 1965. There are some interesting papers on the history of the universal machines in Herken 1988.





One of the simplest Turing machines is the following
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This Turing machine looks for the first x to the right and changes it to y. Here we are using the notation from Minsky 1967. If the alphabet of the Turing machine is {x,y,z} then the machine above will correspond to the following quintuples
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Note that for all symbols except those explicitly mentioned we assume that there are arrows from the state and back to it. The movements are done when we enter a state. This Turing machine can be called a right unary counter. If the x was the blank symbol and y the symbol 1, the machine would just add 1. If the x was the 1 and y the blank symbol, it would subtract 1. 





Let us write down two other simple machines – the left unary counter and the binary counter
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The binary counter is especially interesting for our purposes. If x is 0 and y is 1, then the binary counter adds 1 to the binary number. Conversely if x is 1 and y is 0, then it subtracts 1. 





For all these machines we must observe what happens in the case that an x is not to be found. The answer is of course that the machines vanish to the right or to the left of the tape. For the binary counter this happens at the same time as we change y to x. We can improve our construction by adding an exit symbol z. For the binary counter we then get
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If there are no x, then we will change all y to x until we meets a z to the left. We could take z to be the blank symbol, and would then be assured of termination of the binary counter. In this case if we subtract 1 from 0000, we get 1111.





The binary counter can easily be extended to higher number systems. Here is the quaternary counter
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2.








The next step is to use two counters to make a converter. The following is the core of a binary/unary converter
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To get a real converter we must indicate initial state with an arrow into it, and some exit symbols. If we for example let the symbols be interpreted such that we add 1 to a binary number and subtract 1 from a unary number, then the exit should be after having taken away all unary numbers. Conversely if the symbols are interpreted such that we subtract from the binary numbers and add to the unary numbers, then the exit should be from the state where we work on the binary numbers.





Such a converter can be used in an interesting way for looking up. Say we have some information connected with the string xyxxy. We can then interpret xyxxy as a binary number - x as 1 and y as 0 - i e we get the number 22. Using the converter we find the 22nd u to the right of the binary number. The u´s may be interspersed with other symbols - the converter ignores them. In our finished program we shall use the symbols between the u´s as information pieces. Let us make the converter slightly more complicated
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The converter counts down on the binary number until it meets a z and looks for the corresponding u on the right. In looking for the u it changes a to b and ignores all other symbols.





By letting the exit be in the other state we get a way to put in information pieces. We could for example let there be 12 u´s to the right before a w. Then the machine
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will add the binary number corresponding to 12 to the left.





These construction works equally well for higher number systems. We could also interchange left and right movement. This does not affect unary numbers, but binary numbers are read from right to left. Reading them from left to right gives reverse binary numbers.























3.








For the simulation of other machines we need a way to represent internal states and tape movements. This is done in an elegant way using Kolmogorov machines (Uspensky, Semenov 1979). A Kolmogorov machine works on finite labelled graphs. The labels are of two sorts - core symbols and common symbols. There is only a finite set of labels. At each moment the nodes of the graph can be divided into three parts





the core - the part where we use core symbols


the context - the immediate neighbours to the core


the remaining nodes





The initial graph and the steps will be such that  the core will always be connected. The programme of the machine is given by a finite transition table. We look up the core+context in the table and find there which finite labelled graph to replace it with. 





This becomes quite simple when we get to Turing machines. Say that we have a Turing machine on the symbols {0,1} and using 16 states. We then let the core symbols be {A,B}. The core will be strings of A and B of length 4. There will be one core for each state. The labelled graph will give both the tape, the head and the internal state. So we could have the following situation
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In this case the core will be   AABA  and the core+context  1AABA0 . Say that the Turing machine then writes 1 , takes a step to the right and changes to state  BBAA . Then the situation will be changed to
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This is obtained by replacing 1AABA0 with 11BBAA. Left movement is obtained in a similar way e.g get from  1AABA0 to BBAA11. Now we have the ingredients for simulating a Turing machine with symbols 0 1 (the last point below is a small trick to avoid special symbols for HALT)





use as names for the states strings of A B of the same length l. 


such a string is going to be the core


to get the core+context we change the two neighbours to the core - 0 to A and  1 to B  We get a string in A B of length l+2.


this string of A B is taken as a binary number. This is replaced by a quaternary number in  0 1 A B . 


say the binary number is m and the quaternary number is n. To find the quaternary number from the binary we code this in a table - at place m we find number n.


halting states ends with  A , non halting states with an  B





The table is easily given by the quintuples of the original machines. We code the table using symbols X Y . The table 
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is coded as the following string in X Y








XYYYXYYXYYYYYXX








It is easy to look up in such a table. Remember that the number m is given by a binary number. We just convert this binary number to a unary number by our binary/unary converter counting m of the X. Then we get to n of the Y. This is a unary number. We convert this unary number to a quaternary number in the alphabet 0 1 A B and in this way get the wanted substitution.











4.








Now we must put these building blocks together in a hopefully seamless way. First we decide on how the tape is going to be represented. The simplest way is to let the tape be one way. So the tape to be simulated could be
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We need the following information





the potentially infinite tape to the left of the square scanned


the tape to the right of - and including - the square scanned


the state which the machine is in as given by the core


the table defining the machine








This is represented in a one way tape as follows
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Throughout an execution the table will remain the same - except for interchanging X with x and Y with y. The core will change as we simulate different states, but the length of the core will remain the same. The left part and the right part will change just as the tape we simulate. The typical simulation step proceeds as follows





we start with the tape as above


the core + context is changed into a binary number. 


the binary number is looked up in the table


we find a unary number with information in the table


the unary number is converted into a quaternary number which is put where the old core+context where








Now to get a seamless operation we have some freedom in whether we should use binary or reverse binary number, quaternary or reverse quaternary number, and the symbols used. Let us first decide on the representation of the number. Look at the binary/unary converter
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Here the binary number is to the left of the unary number. The binary number is in the core. So we let the core be to the left of the table. 





The binary conversion is done by counting down beyond 0000...00  to 1111...11. In the quaternary conversion we are counting up from 0000...00 to the required number. This means that our symbols should be such that the binary 1 should be the same symbol as the quaternary 0. 





Now to the symbols. We try to separate the symbols as cleanly as possible. This means that we shall use different symbols in the four parts of the tape. We let 0 1 be the two symbols on the right part of the tap,  the core uses  A B, the left part  U V and the table X x Y y. In the table we use two sets of symbols. This is so since the counting on unary numbers just amounts to changing a symbols to something else - in our case the X to x and the Y to y. For the eight symbols we list them as follows
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And we are ready to write down the universal Turing machine. We start in state Q0  and scan a square in the core. We remind the reader that the halting states are those ending with an A
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The working of the Turing machine is now straightforward





we start with the tape head in the core in state Q0  


in the transition to Q1 we add the left context to the core


in the transition to Q2  we add the right context to the core


the states Q2  and Q3  give a binary/unary converter which looks up in the table


the states Q4 and Q5 gie a quaternary/unary converter which updates context+core


state Q6  cleans up the tape until it either meets an A or a B in the new core


if it meets an A , then the machine halts


if it meets a B , then the machine returns to Q0  and a new cycle














5.





Below we shall improve it slightly - get rid of one of the states but at the expense of a slower and less perspicuous action. The key observation is that we could have added the left context to the core in the transition from Q3  to Q4 . The execution cycle could then be








we start with left context added


add right context


use context+core to look up in table


add left context for next cycle


using the table we construct next core + possibly correct the left context.


clean up and start a new cycle








To make this work we must rewrite the table and we must be more careful in the choice of symbols. Say that we have a state ABA and reads 0. The machine is such that we write 0, go to state BAB and either moves left or right.





So we could have the following tape
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Left context + core is  AABA. We read  0 - in our case a U. We first find the right context and get
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From the context+core we are able to look up in the table. The looking up transforms this into





�








�








If the next movement is to the left, then the tape should be transformed to
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If the next movement is to the right, then the tape should be transformed to
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We do this by first changing the square indicated - from 1 to B and from 0 to A. In case we have a left movement then the square will be the new left context and we can proceed as usual. If we have a right movement, then the new left context is within the range of the old context+core. We can do the appropriate change there. But now we must change back the indicated square - from B to 1 and from A to 0. If we now let the quaternary numbers be such that  the digits in increasing order are  B for 0, A for 1, 1 for 2 and 0 for 3 , then we can change back by adding the quaternary constant  1BBBB. So we can just add 2*4l+2 in the table, where l is the length of the core, whenever we have a right movement.





We then get the following universal Turing machine (Aanderaa 1993).
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6.





So far we have used quintuples in our Turing machines. Let us now consider a quadruple formulation as e.g. given in Barwise, Etchemendy 1993. In the quintuple formulation we do two actions after having scanned a square - we both write and move. In the quadruple formulation we do just one thing - either writes or moves. We use  symbols ﬁ ‹ to indicate right and left movement. In addition we will use the wild card ... - here written as an arc with no initial symbol. This can occur at the beginning of an arc indicating an action for all other symbols except those explicitly mentioned. There is at most one blank arc going out from a state. The machine halts whenever no action is given. We then translate the universal Turing machine above to the following

















������������������������������������������������������������������������������������������













































































�












































7.





Turing applied his construction to the Entscheidungsproblem. The crucial thing was to show that the universal machine could be adequately simulated in first order logic. We do this by explicitly writing down 61 implications which give the universal machine above.





First we decide on the language. 





10 binary relations - 0 1 2 3 4  5 6 7 8 9 - one for each state in our machine


one propositional constant  halt


one constant term - o - meant to stand for the empty string


10 unary functions - X x Y y U V A B 0 1 - one for each symbol in our machine


we use  a b    for termvariables





Each term is intended to stand for a string in the 10 symbols





A relation - say 7(a, b) - is intended to stand for that in state 7 we have a as the reverse left tape and b as the right tape. 





0(a,U b) ﬁ 1(a,A b)�
�
�
5(a,@ b) ﬁ 5(@a, b)�
@= ABUVxy�
�
0(a,V b) ﬁ 1(a,B b)�
�
�
6(a,0 b) ﬁ 7(a,B b)�
�
�
1(a,Y b) ﬁ 2(a,y b)�
�
�
6(a,B b) ﬁ 5(a,A b)�
�
�
1(a,X b) ﬁ 3(a,X b)�
�
�
6(a,A b) ﬁ 5(a,1 b)�
�
�
1(a,@ b) ﬁ 2(a,@ b)�
@= UVABxy�
�
6(a,1 b) ﬁ 5(a,0 b)�
�
�
2(a,@ b) ﬁ 1(@a, b)�
@= UVABxy�
�
6(a,@ b) ﬁ 7(a,@ b)�
@= UVxy�
�
3(a,A b) ﬁ 1(a,B b)�
�
�
7(@a, b) ﬁ 6(a,@ b)�
@= UVxyA�
�
3(a,B b) ﬁ 4(a,A b)�
�
�
8(a,x b) ﬁ 9(a,X b)�
�
�
3(a,0 b) ﬁ 5(a,A b)�
�
�
8(a,y b) ﬁ 9(a,Y b)�
�
�
3(a,1 b) ﬁ 5(a,B b)�
�
�
8(a,0 b) ﬁ 9(a,U b)�
�
�
3(a,@ b) ﬁ 4(a,@ b)�
@= UVxy�
�
8(a,1 b) ﬁ 9(a,V b)�
�
�
4(@a, b) ﬁ 3(a,@ b)�
@= UVxyA�
�
8(a,A b) ﬁ 0(Aa, b)�
�
�
5(a,Y b) ﬁ 6(a,y b)�
�
�
8(a,B b) ﬁ halt�
�
�
5(a,X b) ﬁ 8(a,X b)�
�
�
9(a,@ b) ﬁ 8(@a, b)�
@= XYUV�
�






The symbol @ correspond to the wildcard in the diagram. Here we are supposed to substitute the symbols to the right for  each @.








These are 60 implications after having substituted the appropriate symbols for @ in some of the implications. In addition we must have one more implication to generate more tape. Say that 0 is the blank symbol. Then we can only generate more tape in the transition from 4 to 3. This is expressed by  (remember that o is the symbol for the empty string)








4(o, b) ﬁ 3(o,0 b)








Let us call the conjunction of these implications with a b universally quantified for  universal. Then it is obvious that the formula








universal & 0(a,b) ﬁ halt








should correspond to that the machine started in configuration 0(a,b)  halts.. In fact this formula is valid if and only if this happens. The direction «if» is obvious. For the «only if» direction observe that the Herbrand universe of the formula is exactly all strings built up from the 10 symbols. Then a cut-free derivation of universal & 0(a,b) ﬁ halt gives the corresponding execution of the universal machine.





We do not use much strength in our logic to prove this result. One could analyze the argument further and e g see that the same result holds for intuitionistic predicate logic. We can also use standard procedures to get rid of the function symbols at the expense of introducing some relation symbols and having some more quantifiers in the formula.
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