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Between 1975 and 1985 Girard developed a new approach to proof
theory under the heading of M}-logic.

@ J-Y G: Proof-theoretic investigations of inductive definitions. Part I.
Dedicated Ernst Specker. 1980

@ J-Y G: M-logic, Part I: dilators. AML 1981
@ J-Y G: Proof theory and logical complexity I. Bibliopolis 1987
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SEQUENT CALCULUS

Mo I P
r r
The two interpretations:

Down Validity of premisses give validity of conclusion

Up Falsification of conclusion gives a falsification of one of
the premisses

@ Quantifiers analysed using eigen variables
@ Subformula property
@ Cutrule
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@ Construct in a fair way a tree of sequents above I

@ The tree of sequents is called TREE(I)

@ A node in TREE(IN) is secured if it contains an axiom

@ A branch is secured if it contains a secured node

@ A tree of sequents is secured if all branches are secured

Down: Given a not secured branch B in TREE(I') we get an
interpretation of the atomic formulas, and by induction
over the build up of formulas the interpretation falsifies all
formulas in the branch and in particular the sequent I’

Up: Given a falsification of I', then by induction over the
construction of TREE(I") we get a branch in TREE(T") with
all formulas falsified and the branch is not secured.
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Completeness 2

@ Frege — eigen variables
@ Skolem and Herbrand — term model
@ Gentzen — sequent calculus

@ SYNTAX = SEMANTICS
@ Quantify over all not-secured branches
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w-completeness 1

@ Schutte and Novikov
@ Many sorted predicate logic with one sort for natural numbers
@ Special rules for quantification over natural numbers

@ In the interpretations we demand that the sort of natural numbers
is interpreted as THE NATURAL NUMBERS

I, 3x.Fx, Fn MnFO TI,F1
I, 3x.Fx I, vx.Fx
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w-completeness 2

@ Given a sequent '

@ Construct in a fair way a tree of sequents TREE(I') over I'

@ The tree have w-branching where we analyze V-quantifiers over
natural numbers

@ A node / branch / tree is secured

w-completeness
@ Quantify over all not-secured branches
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@ Girard
@ Many-sorted language with one sort of ordinals and <

@ In the interpretations we demand that this sort is interpreted as a
set of ordinals with usual interpretation of <

@ Extra assumption of TREE(I'): The eigen variables of ordinal sort
is from a fixed list 09, 01, 02, . .. — and we introduce them in this
order. o, is introduced below o, only if m < n

@ Given an ordinal «, we let ORDINAL(«) be the tree of all finite
sequences of ordinals < «

@ Anode (ag,...,ax_1) in ORDINAL(«) is I'-secured if the
substitution tree TREE(I)a, ..., ak_1/00, ..., 0x_1 is secured
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ORDINAL(«,T) is the tree we get from ORDINAL(«) by indicating for
each node whether or not it is '-secured.
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B-completeness 2

ORDINAL(«,T) is the tree we get from ORDINAL(«) by indicating for
each node whether or not it is '-secured.

SEQUENTS = - ORDMNALS
substitute
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@ If ORDINALS(«, I') is secured, then I is derivable in a-logic

@ If ORDINALS(«, I') is not secured, then T is falsifiable with ordinals
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@ If ORDINALS(«, I') is secured, then I is derivable in a-logic

@ If ORDINALS(«, I') is not secured, then T is falsifiable with ordinals
interpreted as 8 < «

@ ORDINALS(«,IN) is secured for all « if and only if " is valid in
B-logic
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@ ORDINALS(«, IN) is closed under order isomorphism

@ If (ap,...,ax_1) and (A, ..., Bk_1) are in ORDINALS(«, ) and
are order isomorphic, then they are either both secured or both
not secured.
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are order isomorphic, then they are either both secured or both
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Tla] = {sea’ls~teT}
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Homogeneity

@ ORDINALS(«, IN) is closed under order isomorphism

@ If (ap,...,ax_1) and (A, ..., Bk_1) are in ORDINALS(«, ) and
are order isomorphic, then they are either both secured or both
not secured.

Tla] = {sea’ls~teT}

ORDINALS(a,7) = ORDINALS(w,T)[q]

For I' to be valid in 8-logic is a property of ORDINALS(w, I
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A tree of ordinals is strongly wellfounded if all its extensions are
wellfounded

I is valid in g-logic if and only if ORDINALS(w, I') is strongly
wellfounded
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Strongly wellfounded 1

A tree of ordinals is strongly wellfounded if all its extensions are
wellfounded

I is valid in g-logic if and only if ORDINALS(w, I') is strongly
wellfounded

I is valid in 8-logic if and only if ORDINALS(Q,T") is wellfounded,
where Q is the first uncountable ordinal
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Strongly wellfounded 2

We need to consider extensions over all countable ordinals

@ Let ~ be a countable ordinal
® 70,71,72, - .. IS an enumeration of all ordinals <

@ G is the tree of all finite sequences of natural numbers order
isomorhic to an initial part of the enumeration vy, v1, 72, - - .

@ G is homogeneous
@ G[a] is well founded iff a < ~
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The theory of strongly well founded homogeneous trees can be

rephrased in a categorical framework. Note the following situation with
f € I(«, B) — an increasing function from « to
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Dilators 2

The basic category ON
@ Objects: ordinals
@ Morphisms: increasing functions between ordinals /(«, 3)

A strongly well founded homogeneous tree T can be seen as a functor
from ON to ON

@ Given an ordinal «. T is the wellorder of all branches — or, if one
likes, the wellorder of the topmost nodes of T[a]
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A strongly well founded homogeneous tree T can be seen as a functor
from ON to ON

@ Given an ordinal «. T is the wellorder of all branches — or, if one
likes, the wellorder of the topmost nodes of T[a]

@ Given a function f € I(«, 3), then Tf maps branches into branches
by applying f pointwise

Such a functor from ON to ON is a dilator. It preserves
@ Direct limits
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The basic category ON
@ Objects: ordinals
@ Morphisms: increasing functions between ordinals /(«, 3)

A strongly well founded homogeneous tree T can be seen as a functor
from ON to ON

@ Given an ordinal «. T is the wellorder of all branches — or, if one
likes, the wellorder of the topmost nodes of T[a]

@ Given a function f € I(«, 3), then Tf maps branches into branches
by applying f pointwise

Such a functor from ON to ON is a dilator. It preserves
@ Direct limits
@ Pullbacks
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VB.((Vy < B.Fy) — Fj3) — VB.F3

@ ORDINALS(«, TI(F)) is the homogeneous strongly wellfounded
tree of all strictly descending a-sequences
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Example — transfinite induction

Transfinite induction, TI(F), is the following

VB.((Vy < B.Fy) — Fj3) — VB.F3

@ ORDINALS(«, TI(F)) is the homogeneous strongly wellfounded
tree of all strictly descending a-sequences

@ The corresponding dilator gives the ordinal function a — 2¢
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Logic — to think from assumptions
o X0
@ is a natural number
e is a formula
e Ml
o is well founded
o
@ is strongly well founded



Ways ahead

From here there are many ways to go

@ Start with dilators — functors from ON to ON preserving direct
limits and pullbacks. Then see how much of the homogeneous
strongly wellfounded trees we can recover. (J-Y G)
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notations and see how much of the classical theory can be
developed. (HRJ)

@ Develop dilators as ordinal notations (J Vauzeilles)

Herman Ruge Jervell (University of Oslo) I‘|12-Iogic and ordinals September 10, 2007 18/36



Ways ahead

From here there are many ways to go

@ Start with dilators — functors from ON to ON preserving direct
limits and pullbacks. Then see how much of the homogeneous
strongly wellfounded trees we can recover. (J-Y G)

@ Proof theory of MJ-logic

@ Regard the strongly wellfounded homogeneous trees as ordinal
notations and see how much of the classical theory can be
developed. (HRJ)

@ Develop dilators as ordinal notations (J Vauzeilles)
Below | will sketch a theory of ordinals
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Finite trees

Our trees are finite with root at the bottom and the nodes are ordered
from left to right.

@ (S) — the sequence of immediate subtrees of S

@ S < (T) — there exists an immediate subtree T’ of T with either
S=TorS<T

@ (S) < T —for allimmediate subtrees S’ of Swe have S’ < T

@ (S) < (T) — the lexicographical ordering where we

o first compare the lengths of the sequences
e then compare the rightmost pair of immediate subtrees where they
differ

S<T&S<(TYVHS) < TA(S) <(T))
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A decision tree

A<B

A<B B<A
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@ < is decidable
@ < is a well order

@ There is a 1-1 correspondence between the finite trees and an
initial segment of the ordinals
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Ordinal functions

«

o =a+ 1
. (6%

° \./
In the last equation there is a difference between the two sides — the

left hand side has no fix points while the right hand side does. The two
sides are equal if we jump over the fix points in the enumeration w*".

a
Nww
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Ordinal functions

«

! =a+1
. (6%

° \./
In the last equation there is a difference between the two sides — the

left hand side has no fix points while the right hand side does. The two
sides are equal if we jump over the fix points in the enumeration w*".

B a
° -‘-"'/ N¢o¢ﬂ

The Veblen function depends on how we start the function. It is too
crude to have x — w* as an initial function. For more branchings in the
tree we have Veblen functions with more arguments.

a
Nww
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Given the tree
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It can be approximated from below by starting with



Given the tree
o
N M

It can be approximated from below by starting with

and then applying



Why Iy is not special

In the usual definition of Veblen function we start with x — w* and then
have Iy as the limit of x — ¢,0. Then 'y behaves sort of like ¢q.
Instead of the binary trees going up to ¢y we consider the ternary trees
built up by

XY -
X, Y- N/

)
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Levels of reasoning

o 70
o to be a finite tree s
e the successor: S+ !
o Approximations of trees
e Transfinite induction over binary trees
e Ml
e Transfinite induction over finite trees
o Key lemma: If every immediate subtree is well founded, then so is
the tree
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Levels of reasoning

o 70
@ to be afinite tree

S

e the successor: S+ !

o Approximations of trees
e Transfinite induction over binary trees
e Ml
e Transfinite induction over finite trees
o Key lemma: If every immediate subtree is well founded, then so is
the tree
The finite trees give the ordinals up to the small Veblen ordinal —
that is the ordinal connected with Kruskals theorem.
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@ USE GIRARD’S 3-LOGIC



lterated inductive definitions
e USE GIRARD'S 3-LOGIC

@ In the inductively defined predicates have an extra argument of
ordinal sort indicating at which ordinal it is introduced
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@ In an inductive definition of level k we can use negation of
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@ New ordinal constants: Oy, 05, O3, . ..
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@ Have ordinal constants indicating the closure ordinals for inductive
definitions at various levels

@ In an inductive definition of level k we can use negation of
predicates for lower levels

So we have

@ New ordinal constants: Oy, 05, O3, . ..
@ To predicate F(x) of level k we introduce predicate F(«, X)
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lterated inductive definitions

@ USE GIRARD’S 3-LOGIC

@ In the inductively defined predicates have an extra argument of
ordinal sort indicating at which ordinal it is introduced

@ Have ordinal constants indicating the closure ordinals for inductive
definitions at various levels

@ In an inductive definition of level k we can use negation of
predicates for lower levels
So we have

@ New ordinal constants: Oy, 05, O3, . ..
@ To predicate F(x) of level k we introduce predicate F(«, X)

@ The ordinal Oy is a closure ordinal for the inductive definition of
level k

@ We can check negation of a predicate of level k at O
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Labeled finite trees

@ Labels are taken from some pregiven well ordered set
@ Finite trees with label 0 correspond to our finite trees

@ Above them, the small Veblen ordinal, is the tree with one node
labeled 1
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Labeled finite trees

@ Labels are taken from some pregiven well ordered set
@ Finite trees with label 0 correspond to our finite trees

@ Above them, the small Veblen ordinal, is the tree with one node
labeled 1

@ The Howard ordinal is the tree with one node labeled 2
@ Then we get the ordinals for iterated inductive definitions
@ Closely connected with Gaisi Takeutis ordinal diagrams

thetree0 = 0
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Labeled finite trees

@ Labels are taken from some pregiven well ordered set
@ Finite trees with label 0 correspond to our finite trees

@ Above them, the small Veblen ordinal, is the tree with one node
labeled 1

@ The Howard ordinal is the tree with one node labeled 2
@ Then we get the ordinals for iterated inductive definitions
@ Closely connected with Gaisi Takeutis ordinal diagrams

the tree 0 0
thetree 1 = The small Veblen ordinal
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Labeled finite trees

@ Labels are taken from some pregiven well ordered set
@ Finite trees with label 0 correspond to our finite trees

@ Above them, the small Veblen ordinal, is the tree with one node
labeled 1

@ The Howard ordinal is the tree with one node labeled 2
@ Then we get the ordinals for iterated inductive definitions
@ Closely connected with Gaisi Takeutis ordinal diagrams

thetree0 = 0
thetree 1 = The small Veblen ordinal
the tree 2 = The Howard ordinal
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Gaps

@ Given a set of wellordered labels A
@ Given a finite tree T and label j
@ A proper subtree S of T is an i-subtree if
e The downmost node of S has label i
o All nodes on the path between the root of T and the root of the
subtree S have labels > i. (We exclude the labels on the two roots.)
@ This generalizes the immediate subtrees we have previously
talked about
@ (T);is the sequence of /-subtrees of T
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@ Given a finite tree T and label j
@ A proper subtree S of T is an i-subtree if
e The downmost node of S has label i
o All nodes on the path between the root of T and the root of the
subtree S have labels > i. (We exclude the labels on the two roots.)
@ This generalizes the immediate subtrees we have previously
talked about
@ (T);is the sequence of /-subtrees of T
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Orderings

We define <; and <, by
S < T<:>S§,'<T>,'\/(<S>,'< T/\S</'+ T)

S <~ T & lexicographical ordered

where i+ is the next label in S or T above i or oo if there is none. In the
lexicographical ordering we look at

@ The label of the roots of Sand T
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Orderings

We define <; and <, by

S < T<:>S§,'<T>,'\/(<S>,'< T/\S</'+ T)

S <~ T & lexicographical ordered

where i+ is the next label in S or T above i or oo if there is none. In the
lexicographical ordering we look at

@ The label of the roots of Sand T

@ If the labels are both /, then we take the lexicographical ordering
of the immediate subtrees of S and T in the ordering <;
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